Let f be a split submersion between paracompact Banach manifolds. We obtain here various conditions for f to be a fiber bundle. First, we give general conditions in terms of path-liftings. As a consequence, we deduce several criteria: For example, f is a fiber bundle provided it satisfies either some topological requirements (such as being a proper or a closed map) or, in the case of Finsler manifolds, some metric requirements (such as Hadamard integral condition).
Introduction
A classical theorem of Ehresmann [5] asserts that, if M and N are finitedimensional manifolds with M paracompact and N connected, every proper submersion f : M → N is a fiber bundle. This result was extended by Earle and Eells [4] to the case where M and N are Finsler manifolds modelled on Banach spaces, M complete, and f : M → N is a proper surjective submersion with split kernels. In fact, Earle and Eells obtained a more general result (see [4, Theorem 3C] ) in which the fiber bundle structure depends on the existence of a certain kind of right inverse of the differential df . More recently, Rabier [14] extends the theorem of Ehresmann by proving that, if M and N are Finsler manifolds modelled on Banach spaces with M complete and N connected, and f : M → N is a "strong submersion with uniformly split kernels", then f is a fiber bundle (see Section 4 for this terminology). A large number of applications and ramifications of this result are also discussed in [14] . On the other hand, Plastock [13] obtained conditions for a function f to be globally equivalent to a projection, in the particular case that f is a nonlinear Fredholm map between Banach spaces. Plastock used a powerful continuation method (the "method of line lifting"), which had proved to be also quite useful in problems of global inversion of functions (see e.g., [12] , [15] and [7] ).
In this paper we are concerned with the problem of giving conditions for a submersion to be a fibre bundle. Our purpose is to make a direct connection between the fiber bundle structure and suitable path-lifting properties. In this way, we obtain some fairly general results, formulated in terms of pathliftings, and from which all the above mentioned theorems can be derived as corollaries. The contents of the paper are as follows: In Section 2 we consider a split submersion f : M → N between paracompact Banach manifolds, N connected. Note that no Finsler structure is needed here. We define the continuation property for f , and we prove that it implies that f is a fiber bundle. Then, some consequences and variants of this result are given. In particular, we obtain that f is a fiber bundle provided it is either a proper or a closed map (conditions which are in turn equivalent in this setting). In Section 3 we assume, in addition, that M and N are Finsler manifolds, M complete. We introduce the bounded path-lifting property for f , proving that it is a sufficient condition for f to be a fiber bundle. Then we describe several instances where f has the bounded path-lifting property. For example, this is the case (for connected manifolds) when f satisfies a Hadamard integral condition. This integral condition was first used by Hadamard [8] in problems of global inversion of functions, and it has been widely used in this context (see e.g., [12] , [13] , [11] , [7] and references therein). On the other hand, the case where f is a local diffeomorphism is also considered, and conditions are given here for f to be a covering projection or a global diffeomorphism. Finally, Section 4 is devoted to submersions with uniformly split kernels in the sense of Rabier. We introduce a path-lifting condition adapted to this case, which allows us to apply our previous results.
Fiber bundles via continuation property
We start with some notations and definitions. Throughout this paper, M and N will denote C 2 paracompact Banach manifolds without boundary, modelled on Banach spaces E and F , respectively. Following the terminology of [10] , by C k− we mean " C k−1 with (k − 1)-th derivative locally Lipschitz". In this way, a cross section s : M → T M is said to be of class
Now let f : M → N be a C 1 map. Also according to [10] , we say that f is of class C 2− if for each x ∈ M there exist a chart φ : V → E for M at x and a chart ψ :
is locally Lipschitz. As it might be suspected, every map of class C 2 is of class C 2− and the composition of C 2− maps is of class C 2− . As usual, f is said to be a split submersion if, for each
N is surjective and its kernel splits. It will be quite useful for us the possibility of "gluing together" continuous linear sections of each df (x) in a locally Lipschitz way. More precisely, we will say that s(·) is a C 1− right inverse of df (·) if the following two conditions are satisfied:
is locally Lipschitz in φ(V ). The next well-known lemma provides us the existence of such a kind of right inverse for df (·). It depends on the fact that every paracompact Banach manifold admits partitions of unity of class C 1− (see [10] 
Remark 2.2.
In the special case that M and N are Hilbert manifolds, there is a canonical C 1− right inverse of df (·), which is given by an explicit formula. Namely Proof. We are much inspired by the proof of Theorem 4.1 in [14] . First of all, consider a C 1− right inverse s(·) of df (·), which always exists by Lemma 2.1. Let {(W κ , ψ κ ) : κ ∈ Λ} be an atlas of N . Without loss of generality, we can suppose that for every κ ∈ Λ, ψ κ (W κ ) = W κ is a ball centered at the origin in the Banach space
For each x ∈ V κ and y ∈ F , if we consider the initial value problem:q (t) = s y (q(t)) (2.1) 
we obtain that f (q(0)) = f (x) and d f (q(t))(q(t)) = y for every t ∈ I x,y . As a consequence,
Before going further, we will prove the following:
Claim. The continuation property implies that:
) and suppose that a ∈ [−1, 0). Consider the line that joins 0 with 1] , and define the path
, and by the continuation property, there is an increasing sequence t n → −a such that x = lim n q(t n ) exists in M . In fact, x ∈ V κ , since by continuity f (x) = l(−a) ∈ W κ . Then, by the unique solvability of (2.1), q can be extended outside I x, f (x) , contradicting its maximality. In consequence, a < −1 and in particular q(−1, x, f (x)) ∈ f −1 (0) and f −1 (0) = ∅. For (ii) let x ∈ f −1 (0) and y ∈ W κ . Consider the line in W κ given by l(t) = f (x) + ty = ty, for t ∈ [0, 1]. If b(x, y) ≤ 1, by the same argument as before q can be extended outside I x,y , which is not possible. Therefore q(1, x, y) is defined for every x ∈ f −1 (0) and y ∈ W κ . Therefore we can define θ : (1, x, y) . We know that θ is continuous, and we are going to prove that it is a homeomorphism. Let (
+ y 2 and therefore y 1 = y 2 = y. In other words, q(1, x 1 , y) and q(1, x 2 , y) are values at time 1 of the differential equation (2.1) with initial values x 1 and x 2 respectively, and then x 1 = x 2 . In conclusion, θ is injective. On the other hand, let x ∈ V κ . By the above arguments, we can choose x = q(−1, x, f (x)) ∈ f −1 (0) and we obtain that θ(x , f (x)) = x. Then θ is surjective. Furthermore, the map
is a homeomorphism and if
Next we will show that all the fibers of f are homeomorphic. Note that this implies that f is onto, and V κ = ∅ for every κ ∈ Λ. In this way, we complete the proof that f : M → N is a fiber bundle. Let κ 0 ∈ Λ be fixed such that V κ 0 = ∅ and consider N 0 = {w ∈ N : f −1 (w) ≈ F κ 0 }, where ≈ denotes "is homeomorphic to". As we noticed before,
In the same way, it can be seen that the complement of N 0 is open in N . By connectedness, we get that
A particular case of split submersion is obtained when f : M → N is a local diffeomorphism. In this case, if f is a fiber bundle then the fibre is discrete, and therefore f is a covering projection. On the other hand, every covering projection has the unique path lifting property, and as a consequence it also has the continuation property. Thus by Theorem 2.3 we have the following:
Then f has the continuation property if and only if it is a covering projection.
If f : M → N is a fiber bundle and N is contractible, it is well-known that f is a trivial fiber bundle (see, e.g., [ Remark 2.6. Suppose that f : E → F is a split submersion of class C 2− between Banach spaces, which satisfies the continuation property. In this situation, the proof of Theorem 2.3 can be considerably simplified, and it gives directly a global trivialization. Following the proof without using charts, we search for a right inverse s(x) ∈ L(F ; E) of df (x) ∈ L(E; F ) and we consider Equation (2.1) with s y (·) = s(·)y, for y fixed. The continuation property gives us the existence of the flow in the appropriate interval. In fact, it is enough here to lift lines, as in the method of line lifting used by Plastock in [13] for the case of a C 2− Fredholm map. In conclusion, there exist a map Θ and a fiber F such that: Θ : F × F → E is a homeomorphism and the composition f • Θ : F × F → F is the natural projection.
Recall that a continuous map f : M → N is said to be proper if, for every compact subset K of N , the set f −1 (K) is compact in M . More generally, we say that f is weakly proper if, for every compact subset K of N , each connected component of f −1 (K) is compact in M . Now we can deduce, as a direct consequence of Theorem 2.3, the following extension of classical Ehresmann Theorem [5] to the infinite dimensional setting. In [14] Rabier gives an analogous result for proper maps in the case of Finsler manifolds. Proof. If we follow the proof of Theorem 2.3, we see that the continuation property is only used in the Claim. Therefore, in order to reach the same conclusion, it is enough to prove the following (where we maintain the notation of Theorem 2.3):
Indeed, for (i) let x ∈ V κ , let a := a(x, f (x)) and suppose that a ∈ [−1, 0). Consider the path
, and we can also assume that (t n ) is convergent to some t ∈ [0, −a]. By continuity, p(t) = p(−a), and since p is one-to-one we have that t = −a. Then, by the unique solvability of (2.1), q can be extended outside I x, f (x) , contradicting its maximality. As a consequence, a < −1. For (ii), the argument is similar.
From the above theorem it follows that properness and closedness are in fact equivalent in our setting. More precisely, we have: Proof. In general, every proper map f : M → N is closed. Conversely, suppose that f is closed. By Theorem 2.8 we have that f is a fiber bundle. In order to prove that f is proper, it is sufficient to show that the fiber is compact (see, e.g., [6, Theorem 3.7.2]). Indeed, if this is not the case, the fiber contains a sequence with no convergent subsequence. Using this and considering a convergent sequence (y n ) in N with pairwise different terms, it is easy to construct a sequence (x n ) in M with no convergent subsequence and such that f (x n ) = y n . This contradicts the closedness of f , since the set C = {x n : n ∈ N} is closed but f (C) is not.
On the other hand, we note that properness (or closedness) is in fact a quite restrictive condition in this situation. For example, Berger and Plastock [2] proved that, in the case of functions between Banach spaces, there is no C 2− proper Fredholm submersion with index ≥ 1. More generally we obtain that, in the case of a C 2− split submersion between contractible manifolds, properness (or closedness) is in fact equivalent to global homeomorphism. (1) f is a homeomorphism,
Proof. By Corollary 2.9, it only remains to prove that (3) implies (1). Suppose that f is a proper map. By Theorem 2.7 we get that f is a fiber bundle. Again by [1, Theorem 3.4.35 ] , f is actually a trivial fiber bundle with trivialization M ≈ F×N . Since M is contractible, so is the fiber F. On the other hand, the properness of f implies that the fiber F is a compact submanifold of M without boundary. Since there is no contractible compact C 1 manifold with positive dimension (see e.g., [9, Theorem 5.1.6]), we obtain that F is a singleton. Therefore, f is a homeomorphism.
We conclude this section with a technical improvement of Theorem 2.3 which will be quite useful in the sequel. We need the following definition: Let f : M → N be a C 2− split submersion and s(·) a fixed C 1− right inverse of df (·) Proof. We note as before that, in the proof of Theorem 2.3, the continuation property is only used in the Claim. Therefore, in order to obtain the same conclusion, it is enough to have the continuation property to hold, not for arbitrary paths, but only for solutions q(t, x, y) of the initial value problem (2.1) where x and y are conveniently chosen. More precisely, with x ∈ V κ and y = f (x) in Case (i) and with x ∈ f −1 (0) and y ∈ W κ in Case (ii). It is easy to see that, in both cases, these solutions are horizontal lifts. Indeed, for the first case, let p(t) := ψ −1 κ ((1 − t) f (x)) defined on [0, 1], and let q(t) = q(−t, x, f (x)) defined on the maximal half-interval [0, −a). As we saw in the proof of Theorem 2.3, f • q = p over [0, −a) and theṅ
a). Therefore,q(t) = −q(−t) = s(q(−t)) •ṗ(t) = s(q(t))ṗ(t) over [0, −a). Case (ii) is analogous.

Bounded path-lifting property
In this section we will work in the framework of Finsler manifolds. Recall from [10] that a Finsler manifold M is a Banach manifold that admits for its tangent bundle a functional · : T M → R satisfying the following two conditions:
for all x ∈ U x 0 and v ∈ E. In this case, the length of a piecewise C 1 
It is clear that ξ is continuous and non-decreasing. Before going further, we are going to show that:
Indeed, let τ < τ in [0, δ] . From the equality (2.3) we get that for every t ∈ [τ , τ]:
Since for every x ∈ Im q| [τ ,τ ] we have that
we obtain that
As a consequence we have that, for every τ < τ in [0, δ]:
In order to establish (3.1), note that the inequality is clear if ξ(τ ) = ξ(τ ). On the other hand, if ξ(τ ) < ξ(τ ), there exists τ
. In this case, by applying the above argument to [τ , τ * ], we obtain that
, since ξ is continuous and non-decreasing we can find 0 = τ 0 < τ 1 < · · · < τ n = δ such that t i = ξ(τ i ), for i = 0, . . . , n. Then, by inequality (3.1), we have:
Therefore, for every δ ∈ [0, b) we obtain that
Since ω is a weight, we conclude that there exists some r > 0 such that ξ(δ) ≤ r, for every δ ∈ [0, b). Therefore, for all x ∈ Im q we have:
Using equality (2.3) we get that, for every t ∈ [0, b),
In conclusion, F (q) < ∞.
, we obtain that {q(t n )} is a Cauchy sequence for the Finsler metric in the connected component M 0 . By completeness, {q(t n )} is then convergent. Proof. We can consider the weight ω(
In particular for every path p : [0, 1] → N , every lifting satisfies Condition (2) of Lemma 3.1.
Remark 3.5. In the special case that M and N are Riemannian manifolds (hence modelled on Hilbert spaces) we can use the right inverse of
In this case the norm s 0 (x) can be computed explicitly, by means of the following formula (see Remark 4.1 below):
To finish this section, we specialize to the case where f : M → N is a local diffeomorphism. Of course, in this case the only choice for a right inverse of df (·) is s(x) = df (x) −1 , and every lifting is horizontal. Thus we obtain: 
Proof. The equivalences (1)- (3) can be deduced by combining Corollary 2.4 and Lemma 3.1. For the equivalences (4)- (7), consider Corollary 2.9, and use for example [16, Corollary 2.4.7] .
Submersions with uniformly split kernels
Finsler manifolds is said to have uniformly split kernels if there is a constant k > 0 such that for each x ∈ M , there exists a projection P x ∈ L(T x M, T x M ) with ker P x = ker df (x) and P x x ≤ k, where · x denotes the norm induced by the Finsler structure · on T M. This concept was introduced by Rabier in [14] . As shown in [14, Proposition 3.1], the map f has uniformly split kernels, for example, in the following cases:
(i) When M is a Riemannian manifold (hence modelled on a Hilbert space); (ii) when N is finite-dimensional; (iii) when f is a Fredholm submersion of nonnegative index.
On the other hand, for a linear operator T ∈ L(E, F ) between Banach spaces, Rabier [14] sets the quantity
where T * ∈ L(F * , E * ) denotes the transpose of T . It is easy to see that if T ∈ Isom (E, F ), then ν(T ) = T −1 −1 . More generally, we have the following:
Remark 4.1. Let T : E → F be a linear onto map between Banach spaces, and consider the canonical isomorphism T :
x * (ker T ) = 0}. We know that π * : (E/ ker T ) * → (ker T ) 0 is an isometry and T * : F * → (ker T ) 0 is an isomorphism. Therefore,
Next we are going to see that, when f : M → N is a C 2− submersion with uniformly split kernels, it is possible to construct a C 1− right inverse s(·) of df (·) satisfying a special boundedness condition. We know that, for every x ∈ M , there exists a projection P x ∈ L(T x M, T x M ) with ker P x = ker df (x) and P x x ≤ k, for some uniform constant k > 0. For each x ∈ M , consider the quotient map π x : T x M → T x M/ ker df (x) and the canonical isomorphism
is a right inverse of π x with σ x ≤ k, and (x) ) −1 . Now using a partition of unity of class C 1− , it is possible to obtain the following result, due to Rabier (it is essentially [14, Proposition 3.1] with minor modifications): 
Now we introduce a path-lifting property whose definition does not involve explicitly a C 1− right inverse. We shall say that f 
By Lemma 4.2, if f : M → N is a C 2− submersion with uniformly split kernels satisfying the ν-bounded path-lifting property, then f has the bounded path-lifting property for some C 1− right inverse of df (·). Thus from Theorem 3.2 it follows at once: A remarkable class of submersions satisfying the ν-bounded path-lifting property are the strong submersions in the sense of Rabier. Recall from [14] that a C 1 submersion f : M → N is said to be strong submersion if there is no sequence {x n } in M such that lim n→∞ f (x n ) exists in N and lim n→∞ ν(df (x n )) = 0. Equivalently, f is a strong submersion if, and only if, for every compact subset K of N there exists α K > 0 such that inf{ν(df (x)) :
It is then clear that every strong submersion satisfies the ν-bounded path-lifting property, and therefore the result that every C 2− strong submersion with uniformly split kernels is a fiber bundle [14, and extra assumption over f ; the same can be done here to obtain the desired result.)
Next we give a result for submersions with uniformly split kernels between connected manifolds, using a Hadamard integral condition in terms of ν(df (·)). The proof is similar to that of Corollary 3.4. In what follows, we are going to show that the different conditions that we have considered along this section are, in fact, nonequivalent. This can be seen by means of quite simple examples.
Example 4.5. Consider a C ∞ -diffeomorphism ψ : R → R such that inf{|ψ (t)| : t ∈ R} = 0, and define the C ∞ submersion f : R → S 1 by f (t) = (cos ψ(t), sin ψ(t)). In this case ν(df (t)) = |ψ (t)| for every t ∈ R, and therefore f is not a strong submersion. On the other hand, since f is a covering, f has the ν-bounded path-lifting property.
In the next two examples, we consider a C ∞ -diffeomorphism φ : (0, ∞) → (0, ∞), and we define f : R × (0, ∞) → R by f (x, y) = x · φ(y). Then f is a C ∞ submersion, and it is not difficult to check that ν(df (x, y)) = [φ(y) 2 + φ (y) 2 x 2 ] In our final example we exhibit a submersion f which does not satisfy the ν-bounded path-lifting property (and in particular f is not a strong submersion), and nevertheless f satisfies the bounded path-lifting property for some right inverse s(·) of df (·). If we denote q(t) = (q 1 (t), q 2 (t)), it is easy to see thatq 1 (t) = q 2 (t) 2ṗ (t) anḋ q 2 (t) = 0, for every t ∈ [0, b). Therefore q 2 is constant, say q 2 (t) = c, and q 1 (t) = c 2 p(t), for every t ∈ [0, b). Then it is clear that q can be continuously extended to [0, b] . In this way we see that f has the bounded path-lifting property with respect to s(·).
